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INTEGRALGEOMETRIC PROPERTIES OF CAPACITIES

BY

PERTTI MATTILA1

Abstract. Let m and n be positive integers, 0 < m < n, and CK and CH the usual

potential-theoretic capacities on R " corresponding to lower semicontinuous kernels

/Tand HonR" X R" with H(x,y) = K(x,y)\x - y\"-m > 1 for |jc - >>| < 1. We

consider relations between the capacities C,A[E) and CH(E n A) when E c R"

and A varies over the m-dimensional affine subspaces of R". For example, we

prove that if E is compact, C^E) < c / CH(E n A) d\mA where \m is a rigidly

invariant measure and c is a positive constant depending only on n and m.

1. Introduction. Suppose that £ is a Borel set in R" with 0 < 0C(£) < co, where

%s is the ¿-dimensional Hausdorff measure. It was shown in [MP] that if m is an

integer, 0 < m < n, then, in the case s < m, the Hausdorff dimension dimpiE)

equals s for almost all orthogonal projections p: R" -» Rm, and, in the case

s > n - m, dim(£ n V) = s + m - n with %s+m-"iE n V) < oo for almost all

m planes V through almost all points of E. There are examples which show that in

general the statements dim piE) = s and dim(£ n V) = s + m — n cannot be

replaced by WipiE)) > 0 and 3(?+m""(£ n V) > 0, respectively; see [M, 5.6 and

6.6]. However, if one uses capacities in place of Hausdorff measures, one can say

more. If Cs is the Riesz capacity defined via the kernel \x — y\~s, then, in the case

0 < s < m, CsiE) > 0 implies CsipiE)) > 0 for almost all orthogonal projections

p: R" —> Rm. Moreover, if F is compact, then

f CsÍpiF))~x d9lmP < cCXF)-1

where 9*m is the orthogonally invariant measure on the space of all orthogonal

projections R" —> Rm and c is a constant depending on n, m and i. These results

were proved in [MP, 5.1-2], and Kaufman also considered capacities of projections

in [K]. In 4.11 we show that also

CS(F) < cj CSÍPÍF)) d9lmp.

The main portion of this paper is devoted to the study of the capacities of the

intersections of E with m planes. We shall show that if s > n — m and CsiE) > 0,

then Cs+m_niE n V) > 0 for almost all m planes V through Cs almost all points

of E, and if F is compact

CsiF)<cf Cs + m_niFn  V)d\„V,
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where \, m is the rigidly invariant measure on the space of all m-dimensional affine

subspaces of R" and c depends only on n and m (see 4.6-8). In fact, we prove more

general results by replacing the kernels \x — y\~" and \x — y\~<s+m~'') hy general

lower semicontinuous kernels K~ix,y) and Kix,y)\x — y\"~m, respectively.

To prove these results we need to define the slices of a Radon measure p on m

planes and to derive some integral relations between these slices and p. This will be

done in §3.

In §5 we make some remarks on the structure of purely unrectifiable subsets of

R". For example, it follows from Theorem 5.1 that if E E R" is purely (3C_1, n -

1) unrectifiable with \~)C~xiE) < oo, then from C*_x almost all points of R" E

projects radially into a set of 3C~' measure zero, where C*_, is the outer capacity

corresponding to Cn_x. This generalizes a result of Marstrand [M, §8].

2. Preliminaries.

2.1. Notation and terminology. We shall use the notation and terminology of [F].

In the whole paper m and n will be integers with 0 < m <n. Radon measure

always means a nonnegative (outer) Radon measure. If ft is a Radon measure on

R ", so are pLA : B h> piA n B) for any A c R " and, if the support of p, spt p, is

compact, f#ii: 5n pif~xiB)) for any continuous /: R" -> R" [F, 2.2.17]. If /x is

absolutely continuous with respect to p, we denote p < p.

We let Gin, m) he the Grassmannian manifold of m-dimensional linear sub-

spaces of R". There is a unique Radon measure ynm on Gin, m) which has a total

mass one and which is invariant under orthogonal transformations of Ä" [F,

2.7.16(6)]. The following lemma was proved in [MP, 2.6]:

2.2. Lemma. There is a constant c depending only on n and m such that for x E R "

and 8 > 0,

ynm{ V: disu>, V) < 8} < c8"-m\x\m-n.

2.3. The space of affine subspaces. We shall denote by Ain, m) the space of all

m-dimensional affine subspaces of R". Each A E Ain, m) has a unique representa-

tion

A = Va,        V E Gin,m),a E V±,

where F-1 is the orthogonal complement of V and Va = V + {a} is the m plane

through a parallel to V. We let \,m be the standard Radon measure on Ain, m)

which is invariant under the isometries of R". It follows from [F, 2.7.16(7)] and

Fubini's theorem [F, 2.6.2] that

( f dXnjn = [ [    /( Va) dW-ma dyn,m V
J J   J y x.

for any nonnegative Borel function/on Ain, m).

2.4. Differentiation of measures. We review the facts from the theory of the

relative differentiation of measures which will be needed in the sequel. Let

V E Gin, k) and let fi he a Radon measure on R". We define for x E V the lower
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and upper derivatives of juL V with respect to 9£* L V by

Dip, V, x) = lim inf aik)~xr~kpiBix, r) n V),
rj.0

Dip, V, x) = lim sup aik)-xr~kpiBix, r) n V),
no

where Z?(x, r) is the closed ball with centre x and radius r and a(&) is the Lebesgue

measure of the unit ball in Rk. If these two limits agree, we define the derivative

Dip, V, x) = lim a(k)~xr~kpiBix, r) n V).
no

It follows from [F, 2.9.5] combined with [F, 2.8.7-8] that

£>( /x, V, x) < oo    for %k a.a. x E V,

and from [F, 2.9.7] that for any Oí* measurable set B c V,

f Dip, V,x)dc)ex < p(B).

The equality holds if p « %k L V, and then it follows D( /x, F, x) > 0 for u a.a.

x E V. Moreover, using [F, 2.9.15] one sees that /iL V « OC* L V if and only if

Df p, V, x) < co    for jtt a.a. x E V.

2.5. Some Borel functions. For 0 ^ E E R" and 5 > 0, we set

£•(5) = (x: dist(x, £) < 8}.

Suppose that p is a Radon measure onfi" with compact support, W E Gin, k), f is

a nonnegative Borel function onÄ" and a is a real number. Then the following

functions are Borel functions:

x H> Z)( Í*, rV, x),    x E W,        jhD()i, W, x),    x E W,

A m» lim inf 8a f      f dp,        A E Ain, m),
HO ■'A(S)

A i-> lim sup 8a j      f du,       A E Ain, m),
«10 JA(6)

(x, V) i-> lim inf 8a (      f rfu,        (x, V) E R" X G(«, m),
«40 -V^S)

(jc, V) k> lim sup ôa f      fdp,       ix,V)ERnX Gin, m).
«¿o K(S)

The proofs of these facts are rather standard, and we briefly consider only

FiA) = lim inf 8" (     fdp.
«¿o JA{S)

The others can be dealt with similarly. First one verifies

FiA) = lim inf 8a[      fdp

where Ai8)° is the interior of .4(5). Using

|        / dp = lim   j       / dp,
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and the compactness of spt ft, one then shows that A r-* ¡A,Sff dp is lower semicon-

tinuous. Finally it follows from the facts that a" is continuous and SA(sff dp is

nondecreasing with respect to 5 that 5 may be restricted to run through the positive

rationals. This implies that F is a Borel function.

3. Slicing of measures. We shall use the theory of differentiation of measures to

define the slices of a Radon measure of R " on affine subspaces of R ". Our method

is somewhat similar to those which Fédérer [F, 4.3] and Almgren [A, 1.3] have used

to slice currents and varifolds.

3.1. Definition of slices. Let ft be a Radon measure onR" with compact support.

For any nonnegative Borel function / on R " with / / dp < co we define a Radon

measure p} by

VjiB)= f fdp.
J B

Let V E Gin, m) and let mv: R" -^ Fx be the orthogonal projection. First we fix

<p E C+iR"), the space of nonnegative continuous functions on R". Using 2.4 we

differentiate wf#j>  Wltn respect to %"~mL Fx and obtain the existence of

pVaiq>) = Diiry#p„, V±, a) = lim aU - m)~x8m~" [       <p dp < oo   (3.2)

«10 JVa(S)

for\Yp-m a.a. x E VL.

Let then D he a countable subset of C+(Ä") which is dense in C+(Ä") with

respect to the uniform convergence. Then for DC_m a.a. a E Fx, pVai<p) is defined

for all <p E D, and it follows immediately that for every such a, pVai<p) is defined

by (3.2) for all <p E C+(/?"). Thus for SC-'" a.a. a E Fx we may use Riesz's

representation theorem [F, 2.5.13-14] to extend ft^a to a Radon measure on R".

Whenever pVa is defined, we set

ZV,* = fV,fl for x EVa    and   pA = pVa fox A = Va E A(n, m).

3.3. Lemma. (1) spt ft,, c A n spt ft whenever pA is defined.

(2) The set P of those A E A(n, m) for which pA is defined is a Borel set and

KJ.Mn,m)~P)-Q.
(3) The set Q of all pairs (x, V) E R" X G(n, m) for which pVx is defined is

a Borel set. If -nv # ft -C %" ~m L Vx for ynm a.a. V E G(n, m), then pX

yn,JR" X G(n, m) ~ Q) = 0 and pKx(R") > Ó for p X ynm a.a. (x, V) E R" X

G(n, m).

Proof. (1) is obvious by (3.2). To prove (2) let D he the countable dense subset

of C+(R") which was used in 3.1. For <p E D the functions

Z>: A r-* lim inf a(n - m)~x8m'n (      <p dp,
810 JA(8)

Dv: A k> lim sup a(« - m)~x8m~" f      tp dp
«4,0 JA(S)
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are Borel functions on Ain, m) by 2.5. Hence

/>=   f)   [A: DjiA) = DviA)< 00}
<pSD

is a Borel set. Since W-m{a E Fx: Va <2 P} = 0 for all V E Gin, m), we obtain

KJAQi, m)~P) = 0.
To prove (3) we observe that the mapping F: (jc, V)r-> V^x) of R" X Gin, m)

onto Ain, m) is continuous and Q = F~'(P). Thus Q is a Borel set.

Suppose then that for ynm a.a. V E Gin, m), try#p < cSV~mLV±, which means

that piE) = 0 whenever 0C,"",(7?v(£')) = 0. Since \,m(^(n, m) ~ P) = 0, we have

3C—(»„{*: FMJC) G Ain, m) ~ P})

= 0C-m{fl G Va-: Va E Ain, m) ~ />} = 0

for y„ m a.a. F G G(/i, m). Hence, by the absolute continuity,

ft{x:(x, V) E R" X G(/i, m)~g} = p{x: Vw¿x) E A in, m) ~ P } =0

for y„ m a.a. V E Gin, m), and Fubini's theorem yields

FXUÄ" x G(»,«)~ß)=0.

Finally, if irv# p <c 3C"-mL Fx, we have by 2.4, fv^Ä") = £>(ttk# ft, Fx, a) >

0 for ■nv#p a.a. a G Fx, and then pVxÍR") > 0 for ft a.a. x G R". Fubini's

theorem implies py¡xÍR") > 0 for ft X ynm a.a. ix, V) E R" X Gin, m).

3.4. Lemma. Let f be a nonnegative Borel function on R" with j f dp < 00 and let

V E Gin, m).

(1) For °)C~m a.a. a E Fx,

ffdpya = lim «(« - m)-'fi"-r       /¿ft-
./ sj.0 -V,,(«)

(2) The function a 1-» ¡f dpVa is 3C~m measurable on Fx.

i3)jy,ffdpKad5C-ma <Jfdp.
(4) //*v# ft « 0C"-mL Fx, /A01

J\ JfdpKad%'-'"a^ffdp.

(5) The function A (-» jf dpA is \,m measurable on Ain, m).

Proof. The set PK = {a G Fx:  Fa G />} is a Borel set by Lemma 3.3(2) and

3C"-'"(Kx~Pv,) = Oby3.1.

Let g be a nonnegative lower semicontinuous function on R". Then there is a

nondecreasing sequence (<¡p,) of continuous functions with lim <p, = g. For a E Py

by (3.2),

/ g dpVa = lim   I tp, dpVa = lim   lim a(« - m)~x8m~" I        <p, ¿/ft.
•^ /'—>oo   •/ i—»oo    ô^O •'K(Ô)
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Therefore a h> ¡g dpVa  is a  Borel  function by 2.5,  and using the  monotone

convergence theorem and 2.4 we get

f      f g dpVa d3C-ma = f      lim   £>(tv#V Fx, a) dW-"a

= lim    f    Di-ny^p    V1-,a)d'}C-ma <  lim w(/#^(Fx)
/—»00    ^J/J. /'—»oo

= lim    f <pidp= f g dp.
i—»00    ^ •/

Since J f dp < co there are sequences (i//() of continuous functions and (g,) of

lower semicontinuous functions such that

1/ - V'.-l < ft    and     lim    f ft rff» = °-
I—»oo    J

Then fy±fg¡ dpVa dcK?~ma < /g, dp -»0; hence for a subsequence, which we may

assume to be the whole sequence,

lim    f g, dpVa - 0   for T"m a.a. a G Fx. (6)
/'—»00    •'

We also have by 2.5 and 2.4,

f lim a(n - m)-x8m-" ,       \f - tfc| dp. dcX?-ma
J   &\o Jy„(8)

< f ZW>„#'a. ̂ x. a) <W"a < / ft ^ -»0.

Hence going once more to a subsequence without changing the notation, we may

assume

lim   limo(B-mr'i"-"f      \f - ^\ dp = 0   for %n~m a.a. a E Fx.   (7)
/—»oo    «¿0 ^ j/ (5)

Let R he the set of those a E Pv for which (6) and (7) hold and for which

lim ain - m)'l8m-n f       fdp = Di-nv#pf, Fx, a) < oo.
«10 JVa'S)

Then by 2.5 and 2.4, R is a Borel set, <X,~miV± ~ /?) = 0 and for a E R and for

all i,

lim ain - m)'x8m-" [      fdp = lim a(« - m)'x8m-n f       ^ dp
«10 Jya(S) «10 ^K„(i)

+ lim a(/i - mr'S"1-" f      (/ - ifc) ¿ft
«1° -V„(S)

= [ « 4v,„ + lim ain - «)-'«""" f      (/ " *) *
y «10 ^K.(«)

—» j /¿/fv      «•«' —*«->
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Hence for a G R,

hrnain- m)-x8m'n{       fdp=,fdpVa.
«10 Jya(8) J

The left-hand side is a Borel function by 2.5, whence ar->ffdpVa is 3C~m

measurable. This proves (1) and (2). (3) and (4) follow from (1) and 2.4 when

applied to the measure •nv#p¡.

Essentially the same argument which was used to prove (1) gives for X„m a.a.

A G A(n, m),

f fdpA = lim ain - m) V"" f      fdp.
J «10     V JA(S)

The only difference is that one now performs integrations also over G(w, m). (5)

follows then from 2.5.

The following lemma, which is a generalization of [M, Lemma 13], gives a

sufficient condition for trv# p to be absolutely continuous with respect to

^""LK1 for ynm a.a. V E Gin, m). An immediate corollary is the fact that if

C„-„iE)>0 or dimE>n-m then cX'-miiTviE)) > 0 for ynm a.a. F G

G(«, m). More general results involving multiplicities of the projections were

derived in [MP, §4].

3.5. Lemma. // f\x - y\m~" dpy < oo for p a.a. x E R", then <nv#p<£.

cKp-mlV1-forynm a.a. V E Gin, m).

Proof. By Fatou's lemma, Fubini's theorem and Lemma 2.2, we obtain for ft a.a.

x E R",

f Diirv#p,V1-,TTvix))dyn,mV

< lim inf ain - myx8m-n f p{y: dist(y, Vx) < 8} dynmV
8\,0 •'

= lim inf ain - m)_15m-" f ynm{ V: dist(y, Vx) < 8} dpy

< cain - m)~x f\x - y\m'n dpy < oo.

Hence for ynm a.a. V G G(«, m),

Z)(77K# ft, Va-, iTy(x)) < co    for ft a.a. x E R",

and therefore by the definition of ttv# p,

Di-nv# p, Va-, a) < oo    for trv# p a.a. a E Va-,

which according to 2.4 means -nv# p < 3C~mL Va-.

Observe in the following lemma that the ft exceptional set is independent of the

Borel function/. This will be needed later on.
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3.6. Lemma. Suppose that f\x — y\m~n dpy < oo for p a.a. x G R". There are a

constant c depending only on n and m, and B e R" such that piR" — B) = 0 and

that for every nonnegative Borel function f on R",

fff dpVx dynm V < cffiy)\x - yp- dpy   for x B.

Proof. We reduce the proof to the case where / is continuous by first approxi-

mating / from above with lower semicontinuous functions and then approximating

these lower semicontinuous functions from below by continuous functions. When /

is continuous, (3.2) holds with <p replaced by / and Va replaced by Vx for

(x, V) E Q, where Q is the Borel set of 3.3(3). Let B he the set of all x E R" for

which y„m{ V: (x, V) E R" X Gin, m) ~ Q} = 0. Since

MU«" X G(«,m)~0) = 0

by Lemmas 3.5 and 3.3(3), Fubini's theorem gives piR" ~ B) = 0. For x E B we

use (3.2), Fatou's Lemma, Fubini's theorem and Lemma 2.2, and let gs he the

characteristic function of the set {(y, V): dist(y, Vx) < 8} to obtain

ff f dpVx dynmV< lim inf a(« - m) V"" [ f       fdp dyn,m V
JJ «4.0 J  JVX(8)

= lim inf ain - m)-x8"-" [ f fiy)gsiy, V) dpy dyn,mV
«40 J J

= lim inf ain - mF'S"-" f/(y)y„,m{ V: dist(y, Vx) < 8} dpy
«40 J

< ain - m)-xcf fiy)\x - y\m-" dpy.

4. Energies and capacities.

4.1. Definitions. In the following K will be a nonnegative lower semicontinuous

function on R" X R" (which may have value oo). The K-energy of a Radon

measure ft on R " is

JkÍp) = / / Kix,y) dpx dpy.

The K-capacity of a compact set F c R" is defined by

Q(F) = sup/*(ft)-'

where the supremum is taken over all Radon measures pon R" with spt ft c F and

PÍF) = 1. For arbitrary E c R" we set

CKiE) = sup{ CKiF): F compact c E}.

If for some í > 0, AT(x, y) = |x — y\~s for x =£y and K~ix, x) = oo, we denote Cs

instead of CK.

Let P E Ain, m) and Q c R" X Gin, m) he the Borel sets where ft^ and pVx

are defined, respectively (recall Lemma 3.3).
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4.2. Lemma. Let p be a Radon measure on R" with compact support. Then the

functions

A^IKípA),        A EP,

íx,V)^IKípVx),        íx,V)EQ,

ix, V)r^f k(x,y) dpKxy,       ix, V) E Q,

are Bor el functions.

Proof. By the monotone convergence theorem we reduce the proof to the case

where K is continuous with compact support. It follows from the Stone-Weierstrass

approximation theorem that there is a sequence ÍK¡) converging uniformly to K

such that each K¡ is a finite sum of functions of the form (x, y) i-> <p(x)^(y) where

<p and \p are continuous functions on R" with compact support. Since pAÍR") < oo

for A E P and pvxiR") < oo for (x, V) E Q, uniform convergence implies con-

vergence for pA- and pv ^-integrals. Hence we may assume that

Kix,y) = vix)iiy)    for x, y ER"

where <p and \p are continuous. Then

¡Á MJ = / <P dpA j «// dpA    for A E P,

¡Á /V,J = / <P dpKx j $ dpKx    for (x, V) E Q,

and

J  K(x,y) dpVxy = (p(x)J  ^ dpVx    for (x, V) E Q,

and the result follows from (3.2) and 2.5.

4.3. Lemma. Let f be a real-valued function on Rk X Rx such that the function

x i—> fix, t) is %k measurable for t G R ' and the function 11-> fix, t) is nonincreasing

and left continuous for x G Rk. Then f is cXfc+x measurable.

Proof. Let Q he the set of rational numbers. For a E R ' and r E Q, set

K = {(x, t):fix, t) > a},        Ea, = {x:/(x, r) > a}.

Then E„. is %  measurable anda,r

CO

Ea =  fi     U  {ix, t): x G Ear} n {(x, t): r < t < r + l/i}.
1=1      rSQ

Hence Ea is 3(*+1 measurable.

From now on we shall assume that for some positive constant b,

Kix,y)> b\x - y\m-"    for (x,y) E R" X R", \x - y\ < 1. (4.4)

We define another lower semicontinuous kernel H by

H(x,y) = K(x,y)\x - y\n~m    forx^y,

H(x, x) =    lim inf    //(y, z).
(y,z)^>(x,x)
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We first derive an integralgeometric inequality for energy-integrals.

4.5. Theorem. There is a constant c depending only on n and m such that for any

Radon measure p on R" with compact support,

¡ IHi^A)dXnmA <dKip).

Proof. We may assume IK(p) < oo. Then by (4.4), f\x - y\m~" dpy < oo for ft

a.a. x G R".

Let P be the Borel set of Lemma 3.3(2). Then \m(A(n, m) ~ P) = 0 and

A h> IH( pA) is a Borel function on P by Lemma 4.2. We shall use the formula

f f dp = /     i-{x:/(x) > /) dt

for the f-integral of a nonnegative p measurable function /. We denote for

0 < t < oo, V G G(n, m),

EKI = ¡[xER": f H(x,y) dpKxy > i).

Then Ev, is a Borel set by Lemma 4.2. Recalling that spt pYa c Va and pv = pVa

if x G Va, we have for Va E P,

'hÍ P-v,a) = /     \>-v,a I x: j //(x,y) t/ftKay > í j i//

= f    McûI ;ç: j  Hix, y) dpVxy > t \ dt

OO

= f    V-v,aÍEv,,) dt.

For y„ m a.a. V E G(«, m) the function a h» pVaÍEVt) is X1"'" measurable on Fx

for 0 < t < oo by Lemma 3.4(2), and for such V we may apply Lemma 4.3 with

fia, t) = pyaÍEVl). Integrating over Fx we get by Fubini's theorem and Lemma

3.4(3),

f    IHipKa)d^-ma= f      C pKaiEv,,)dtdW-»>a

= C f    pKaiEKl) dW-ma dt < f" pÍEKl) dt.

Finally we integrate over G(«, m), use Fubini's theorem, which is justified because

the set of all (x, V, t) E R" X Gin, m) X Rx for which / //(x,y) dpVxy > t is a

Borel set, and apply Lemma 3.6 to obtain
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f UHa) dXn¡mA <  f   T piEyJ dt dy„tmV

= Ç f piEy,) dyn,mV dt

= j    f Yn.m{ V* f Hix,y) dpVxy > t\ dpx dt

= ff    V-* { V: j Hix' y) dPv,xy >tj dtdpx

= / / / //(x' -y) d["v^ dy"-m V d,vc

< cj J  Kix,y) dpy dpx = cIKip).

4.6. Theorem. There is a constant c depending only on n and m such that for any

compact set F E R ",

CKiF)<cj CHiFnA)dXnmA.

Proof. The function A h» CHiF n A) is upper semicontinuous on Ain, m). To

see this suppose CHiF n A0) < a, A0 E Ain, m). Then there is an open set G such

that F n A0 E G and CHiG) < a (see [FB, Lemma 2.3.4]). Since F is compact

there is a neighborhood U of A0 in Ain, m) such that F n A e G for A E U.

Hence C„(F n A) < CHiG) < a for A E U.

We may assume CKiF) > 0. Let e > 0 and let ft be a Radon measure such that

spt ft c F, piF) = 1 and IKip) < CKiF)~x + e. Since IKip) < oo (4.4) implies

S\x - y\m~ndpy < oo for ft a.a. x G R". Let R he the set of all A G Ain, m) for

which pAÍR") > 0. We define pa = pAÍRnyxpA for A ER. Then spt vA c F n A

andfa(F n A) - 1.

By Lemmas 3.5 and 3.4(4) we have

f pA(R") d\mA = p(Rn) = 1.

Since by Theorem 4.5, Ih(pa) = pAÍR")~2IHÍpA) < oo for X„m a.a. A E R, we get

from Holder's inequality and Theorem 4.5,

1 = (/ pAÍR") dXn<mA)2 = (/^ ^AiRn)IHi^A)X/1IHivA)-X/1 ¿X^aJ

< (/ä M,(*")2'„("J d\~A)[SR M'a)'1 dK*¿)

< c(Q(Fr' + e) J C„(F n /Í) ¿\,>m,4

Letting E-»0we get the desired result.
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4.7. Remark. It is clear that the inequality of Theorem 4.6 holds for arbitrary

subsets of R" if the integral is replaced by the lower integral.

4.8. Theorem. // E c R" and CKiE) > 0, then there is B c E such that

CKiE ~ B) = 0 and for x E B,

C„iE n  Vx) > 0   for ynm a.a. V E G(«, m).

Proof. Suppose this is false. Then there is a compact set F c E such that

CKiF) > 0 and ynm{ V: CHiE n Vx) = 0} > 0 for x G F, and we can find a

Radon measure ft such that spt p E F, ft(F) = 1 and IKip) < oo. By (4.4) and

Lemmas 3.5 and 3.3(3), py^R") > 0 for ft X ynm a.a. (x, V) E R" X Gin, m).

Since spt pVx E F n Vx and F E E, we have IHipVtX) = oo whenever

CHiE n Vx) - 0 and pKxiR") > 0. Therefore

Y„,m{ v- !Hi AV,J = oo} > 0    for ft a.a. x E F.

Letting/be the characteristic function of the Borel set {(x, V): IHipVx) =00} (cf.

Lemma 4.2), we obtain from Fubini's theorem,

0 < f f fdyn,m dp = j j f dp dynm = j p{x: I„ipyiX) = 00} dyn¡mV.

Hence there is a set G c G(«, m) such that Ynm(G) > 0 and ft{x: IHipyiX) =00}

> 0 for V E G. Since -nv# p «. 0C"mL Fx for ynm a.a. V E G(n, m), this gives

T-m{a E Va-: IHipya) = 00} > 0   fory„,ma.a. V E G.

Integrating and using Theorem 4.5 we get a contradiction:

°° = Siy, 7"(^J d<}C'~ma *t«m* < Clxi^ < *•

In the case ATx,y) = |x - y\m~" we have the following

4.9. Theorem. If E e R" and Cn_miE) > 0, then there is B E E such that

Cn-miE ~ B) = 0, and for x E B, E n Vx is uncountable for ynm a.a. V E

G(n, m).

Proof. If this is false, there is a compact set F c E such that C„_miF) > 0 and

ynm{ V: E n Vx is at most countable) > 0   for x G F, (1)

and we can find a Radon measure ft such that spt ft c F, fi(F) = 1 and IKip) < 00

where AT(x,y) = |x - y\m~". We define for 0 < r < 00

Hrix,y)= l,if|x-y|<r,

Hrix,y) = 0, if |x -y\>r,

Hix,y) = 1, if x =y,

//(x,y) = 0, ifx^y,

Arr(x,y) = //r(x,y)|x-yr-".

Then  the functions //r  and  Kr are lower semicontinuous and Hr\H as rj,0.

Whenever ft,, is defined, Lebesgue's bounded convergence theorem gives

/ IJ-A{x} dpAx = j j Hix,y) dpAy dpAx = lim /„/fij,
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and we obtain by Theorem 4.5 and Fatou's lemma

f j pA{x} dpAx d\mA < lim inf j IHipA) dXnmA
r|0

< c lim inf 1„ i p) = 0
no      K

because IKip) < oo. Hence for Xnm a.a. A E Ain, m), fpA{x} dpA = 0 which

means pA{x} = 0 for all x G R". Since mv#p <c 0C"mLFx for ynm a.a. V G

Gin, m) by Lemma 3.5, it follows that for ft X ynm a.a. (x, V) E R" X Gin, m),

pVtX{y} = 0 for ally G R". Using Lemma 3.3(3) we find for ft X ynm a.a. (x, V) G

R" X Gin, m), pVxiR") > 0 and pV}X{y} =0 for y G R", whence spt pVx is

uncountable. This contradicts spt pVx c E n Vx and (1).

4.10. Remarks. Suppose that s > n — m and E is DC measurable with 0 <

Di?(£) < oo. Then one can use Theorem 4.5 and the well-known relations between

Hausdorff measure and capacity to prove dim(£ n Vx) > s + m — n for T X

y„m a.a. (x, V) E E X Gin, m). This is Lemma 6.4 of [MP].

I do not know whether there are general results similar to 4.5-4.8 in the opposite

direction. Ohtsuka has considered product sets in [O].

As a rather immediate consequence of [MP, Lemma 5.1] and Holder's inequality

we can give an inequality analogous to 4.6 for the Riesz capacities of the

orthogonal projections. Here 0*in, m) is the space of all orthogonal projections

R" —> Rm and 9*m is the orthogonally invariant measure on G*(«, m) of total mass

one (see [F, 1.7.4 and 2.7.16]).

4.11. Theorem. For 0 < s < m there is a constant c depending only on n, m and s

such that for any compact set F E R ",

CAF) < cf CS(PÍF)) dO*^ < cCXF).

Proof. The right-hand inequality follows from Cs(p(E)) < CS(F) (see [L, Theo-

rem 2.9, p. 158]). To prove the left-hand inequality we may assume CS(F) > 0. By

[MP, 5.1],

TV"'./ C,ÍPÍF)yl d9*nmP < cCsiF)~

Hölder's inequality gives

1 = f CsiPiF))x/2CsÍPÍF))~x/2 d9lmP
J

< (/ C(piF)) ^„V),/2(| CSÍPÍF))-1 d9*mPy2,
1/2/   r \'/2

whence

CsiF) < c(j Cs(piF))-x dB^Y < cf CSÍPÍE)) d9*mP.
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4.12. Remark. The method of [MP] does not seem to give a similar inequality for

general kernels K. However, in some special cases it can be modified, for example

if Â%x,y) = sup{-log|x -y\, 0}.

5. On the structure of purely unrectifiable sets. A set E c R" is m rectifiable if

E = fiB) for some Lipschitzian map /: B —* R" where B c Rm is bounded. E is

called purely (5(7", m) unrectifiable if it contains no m rectifiable subset of positive

3C" measure. If 9C(£) < oo and E is purely (3C, m) unrectifiable, then according

to one of the basic results of geometric measure theory [F, 3.3.15] 3C(/>(£)) = 0

for 9*m a.a. p E 0*in, m). If £ is a Borel set this means that the integralgeometric

measure [F, 2.10.5] ^{E) = 0.

In [M, §8] Marstrand considered radial projections of purely i%x, 1) unrectifia-

ble %x measurable plane sets E for which 0C(£) < oo. He showed that if A is the

set of all those points a E R2 from which the radial projection of E has positive

linear measure, that is, y2j{l'- iE ~ {a}) n la ¥= 0} > 0, then dim A < 1. He also

gave an example of a set E with dim A = 1. But it is not known whether

%xiA) = 0 always or even %xiA) < oo.

Here we generalize Marstrand's result to arbitrary dimensions, and we also give

more precise information on the exceptional set. However, the above question

remains unsolved.

The outer s-capacity of E c R" is

Q(£) = inffCXG): E c G, G is open}.

For Suslin sets E, C*iE) = CS(E) [L, Theorem 2.8, p 156]. If CfiE) = 0, then

dim E < j [L, Theorem 3.13, p. 196].

5.1. Theorem. Let E c R" with ^iE) = 0 and let

A = {xER": y,,„_m{ V: E n  Vx * 0} > 0}.

Then C*iA) = 0, hence dim A < m, and A is purely (DC", m) unrectifiable.

Proof. Since 57 is Borel regular [F, 2.10.1], we may assume that £ is a Borel set.

We first show that then the set A and

B = {(x, V) E R" X Gin, n - m): E n Vx ¥= 0}

ave Suslin sets. The map (y, x, V) m> wy(x - y) of R" X R" X Gin, n - m) into

R " is continuous. Hence

C = £ X R" X Gin, n - m) n {(y, x, V): 77>(x - y) = 0}

is a Borel set. If p: R" X R" X Gin, n - m) -» R" X Gin, n - m), piy, x, V) =

(x, V), is the projection, then B = piC), and it follows from [F, 2.2.10] that B is a

Suslin set. Then

A = [x:yn^m{V:ix, V) E B} > 0}

is a Suslin set by [D, VI, 21].

For £ c A let

Fv = {x G £: £ n Vx ¥= 0}    for V E Gin, n - m).
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Then irviFv) c M£), and ^TiE) = 0 imphes

3C-(Vk))-,9    foryn,„_a.a. F G G(«, « - m). (1)

We shall show that the negation of either one of the assertions yields a Suslin set

F E A and a Radon measure p such that

ft(£) > 0    and   -nv# ft « DC"L Kx   for yn^m a.a. K G G(n, n - m).      (2)

This leads to a contradiction. For (1) and (2) imply piFv) = 0 for ynn_m a.a.

V E Gin, n — m), while Fubini's theorem gives

/ KFy) dyn,n_m V = y yn,„_{ V: E n Vx¥> 0} dpx > 0.

Suppose first that C*(/l) > 0. Since A is a Suslin set also CmiA) > 0. Hence

there are a compact set F E A and a Radon measure ft such that ft(£) > 0 and

J\x — y\~m dpy < oo for ft a.a. x E R". Then (2) follows from Lemma 3.5.

Suppose then that A is not purely (DC, m) unrectifiable. Then A contains an m

rectifiable subset B with DC(5) > 0. By [F, 3.2.29] there is a C1 submanifold M of

R" such that DC"(5 n A/) > 0. Set £ = A n A/. Then £ is a Suslin set with

DC"(£) > 0. Let Tx E G(n, m) be the tangent plane direction of M at x G M and

let

/(K,*)-|det(»K|rj|

for V G G(n, n - m),x E M. Then by [F, 3.2.20],

f N(ttv\ C, y) dWy = f /( V, x) dcXTx (3)

for any DC" measurable set C c M, where A/(77y| C, y) is the number of points in

the set C n wp1 {y} • Since /( K, x) = 0 if and only if dim(wy( 7^)) < m, we have for

every x G M, 7(F, x) > 0 for y„,„_m a.a. F G G(«, « — m). Hence by Fubini's

theorem,

f%m{xEF:JiV,x) = 0}dyn,n_mV

= [ yn,n-m{ V: J(V, x) = 0} ¿DC"x = 0;
J F

thus for y„„_m a.a. F G G(«, « - m), DC" {x G £: 7(F, x) = 0} = 0. For every

such V (3) implies DC"(tï>(C)) > 0 whenever C c £ with DC(C) > 0. This means

that £ and ft = DC"L£ satisfy (2).
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